The aim of this paper is to investigate, by means of a numerical simulation, the effect of the half-life of cytoskeletal elements (CEs) on superposition of several waves representing concentrations of running, pausing, and off-track anterograde and retrograde CE populations. The waves can be induced by simultaneous microinjections of radiolabeled CEs in different locations in the vicinity of a neuron body; alternatively, the waves can be induced by microinjecting CEs at the same location several times, with a time interval between the injections. Since the waves spread out as they propagate downstream, unless their amplitude decreases too fast, they eventually superimpose. As a result of superposition and merging of several waves, for the case with a large half-life of CEs, a single wave is formed. For the case with a small half-life the waves vanish before they have enough time to merge.
Introduction
Investigations of slow axonal transport are important; its defects are related to various neurodegenerative diseases. For example, aggregation of neurofilaments (NFs) in axons of motor neurons is related to human motor neuron diseases (Sasaki et al. [1] , Julien [2] ).
The difficulty of explaining the mechanism of slow axonal transport lies in the fact that its velocity is much smaller than velocities of known molecular motors. Indeed, major cytoskeletal structures [such as microtubules (MTs) and NFs], are moved by slow component-a with characteristic velocities of 0.002-0.01 µm/s, various proteins (such as actin, glycolytic enzymes, synaptic proteins, and partially motor proteins such as dynein and myosin) are transported by slow component-b with characteristic velocities of 0.02-0.09 µm/s (Brown [3] , Vallee and Bloom [4] , Roy et al. [5] ) while representative velocities of molecular motors are much larger, about 1 µm/s. According to the stop-and-go hypothesis (Brown et al. [6] , Craciun et al. [7] ) the slow velocity of slow axonal transport is explained by the fact that in slow axonal transport cargo is not moving continuously, CEs move along MTs alternating between short periods of rapid movement, short on-track pauses, and prolonged offtrack pauses, when they temporarily disengage from MTs. The typical pausing time is 92% (Trivedi et al. [8] ), meaning that in slow axonal transport CEs move only 8% of the time.
There is extensive data pointing out that the retrograde component of slow axonal transport (in particular, of NFs) is powered by dynein (He et al. [9] , Shah et al. [10] , Wagner et al. [11] ). T.B. Shear's lab proposed that anterograde component of slow axonal transport of NFs is powered by kinesin-1 (Yabe et al. [12] , Jung et al. [13] ). There are three kinesin-1 isoforms in mammals: kinesin-1A, 1B, and 1C (Niclas et al. [14] , Xia et al. [15] , Navone et al. [16] ). The results obtained by Uchida et al. [17] suggest that kinesin-1A is the principal motor for anterograde transport of NFs, but other isoforms of kinesin-1 may also be involved in powering anterograde transport. Although both fast and slow modes of axonal transport are driven by the same motors, kinesins and dyneins, there are significant differences between these two modes of transport. For example, Mitchell and Lee [18] found that that in order to obtain experimentally measured velocity profiles for fast axonal transport one has to assume that organelles are transported by several molecular motors pulling together while a single motor is sufficient for slow axonal transport.
Proceeding from the stop-and-go hypothesis, Jung and Brown [19] recently developed a new mathematical theory that describes the concentrations of CEs in terms of probability density functions (PDFs). This model was numerically investigated in [20] . In the present paper we extend the model developed in [19] to account for the halflife of CEs (the model suggested in Jung and Brown [19] assumes that the half-life of CEs is infinitely long while a recent work by Millecamps et al. [21] suggests that there is degradation of proteins along the length of the axon). The effect of the half-life of CEs on slow axonal transport was first modeled in [22] , based on the original model of slow axonal transport developed in Craciun et al. [7] . The present paper also extends the model developed in [19] by accounting for the diffusivity of free (off-track) CEs (in [19] the diffusivity of NFs, which is indeed small, was neglected). This allows applying the model not only to NFs, but also to soluble proteins, whose diffusivity may be significantly larger (also, in mature axons NF protein may be transported in the form of hetero-oligomer assemblies rather than as filaments, in which case its diffusivity will be larger, [23] ). Another way of justifying the inclusion of the diffusion terms in the model for slow axonal transport is based on recent experimental data that demonstrated that motor proteins myosin Va in axons associate with NFs (Rao et al. [24] ). Since these motors move along intermediate filaments that form a loosely connected network in axons, the effect of myosin Va on NF transport can be modeled by a diffusion term in the equation for off-track NFs (Friedman and Hu [25] ). In this paper the model developed in [19] is reformulated in terms of CE concentrations instead of PDFs. In order to minimize the number of input parameters (which is important because these parameters are hard to measure), the model equations are converted into a dimensionless form. There are six CE concentrations in the model corresponding to six kinetic states for CEs (see Fig. 1 ). There are two running states in the model (depending on the type of a molecular motors a CE is attached to, it can either move in the anterograde or retrograde direction), two pausing states (one corresponds to a CE attached to a plus-end motor, and the other corresponds to a CE attached to a minus-end motor) and two off-track states (an off-track CE can be attached to either a plus-end or a minus-end motor). The major physical result of this paper is the investigation of superposition and interference between several waves transporting the same type of CEs in slow axonal transport (in particular computational examples presented in this paper, the case of three interfering waves is investigated). The waves can be induced by simultaneous microinjections of radiolabeled CEs in different locations. Alternatively, the waves can be induced by microinjecting CEs at the same location several times, with a time interval between the injections. The effect of the CE half-life on merging of the waves is investigated.
Governing equations
Governing equations utilized in this paper are based on the model developed in Jung and Brown [19] . This model is reformulated in terms of number densities of CEs instead of PDFs. Slow axonal transport of NFs or tubulin oligomers between the neuron soma (˜ = 0) and the synapse of the axon (˜ =L) is considered. Dimensionless equations describing the number densities of CEs in various kinetic states (see Fig. 1 ) are obtained by modifying Eqs. (15) of ref. [19] by adding diffusion terms and the CE sink terms accounting for the CE degradation in Eqs. (5) and (6) below:
Eqs. (1)- (6) assume that only those CEs in the off-track states (those subject to diffusion) are subject to decay. The model could be extended by allowing the CEs attached to microtubule motors to decay as well; however, this is not going to have a significant effect on the results since the CEs exchange between various kinetic states, and if the number of CEs in the off-track states becomes small due to the decay, CEs from other kinetic states will move to the off-track states, where they are allowed to decay.
Dimensionless parameters utilized in Eqs. (1)- (6) (7) where˜ and˜ are the number densities of CEs in the off-track anterograde and retrograde states, respectively (˜ has dimensions 1/µm 3 );˜ and˜ are the number densities of CEs in the anterogradely and retrogradely moving states, respectively;˜ 0 and˜ 0 are the number densities of CEs in the anterogradely and retrogradely pausing states, respectively;γ are the first order rate constants describing transitions between different CE populations (see Fig. 1 );D andD are the diffusivities of off-track CEs in the anterograde and retrograde states, respectively (as explained above, it is assumed that CEs can diffuse and degrade only in the off-track states, when they are disengaged from MTs);˜ and˜ are the average motor velocities in anterograde and retrograde transport, respectively (calculated excluding pauses);˜ is the time;T 1 2 is the CE half-life; and˜ is the linear coordinate along the axon. Eqs. (1)- (6) are solved subject to the following dimensionless boundary conditions:
where L =Lγ 01 L is the length of the axon, and σ 0 and σ L are the degrees of loading at = 0 and = L, respectively. Initial conditions for Eqs. (1)- (6) are
( 0) = 0 (12) where N is the number of waves generated at = 0 (in this paper N = 3), A parameter accessible to experiments is the total number density characterizing the overall CE concentration in any of the six kinetic states:
Results and discussion
Based on the analysis of experimental studies of NF transport in a cultured mouse superior cervical ganglion neuron, Jung and Brown [19] . In Galbraith et al. [26] the value of diffusivity of NF polymers is estimated as 0.43 µm/s 2 and the value of diffusivity of tubulin oligomers is estimated as 8.6 µm/s 2 . In order for the waves to have enough time to superimpose before they reach the axon terminal, we used the axon length ofL = 2 × 10 5 µm (200 mm); this is about five times larger than the value of 39 mm utilized in [19] . The value ofL used in our computations is reasonable since axons in a human body can be up to 1 m in length and they can be even longer in some other mammals. As in Graham et al. [27] , it is assumed that tubulin consumption in the axon can be characterized by a fixed time constant, resulting from the consumption of tubulin due to MT assembly along the length of the axon. Using a single fixed time constant allows accounting for the possibility that tubulin consumption is partly compensated by the local tubulin synthesis (Alvarez et al. [28] ); such a process would simply lead to an apparent increase of the tubulin half-life. Estimates of the tubulin half-life found in the literature exhibit a large variation. Graham et al. [27] estimated the tubulin half-life to be 14 days, while data reported in Miller and Samuels [29] suggest that it may be much longer, up to 75 days. One possible explanation for a large spread in the estimates is that the half-life of tubulin may depend on a particular form of tubulin as well as on the stage of the axonal development. Nixon and Logvinenko [30] estimated the half-life of NF proteins to be approximately 20 days; however, data presented in Millecamps et al. [21] suggest that the half-life of NFs in long peripheral axons with a dense NF network can exceed several months. In order to show the effect of the CE half-life, we present the results for four different values of T 
This leads to 
The selection of dimensionless parameters is guided by these values [dimensional parameters are converted to dimensionless by using Eq. solver with a relative tolerance of 0.01, absolute tolerance of 0.001, and pivot threshold of 0.1 was used. The dependence of the solution on the number of elements used for discretization was investigated; the solution was found to be grid independent when 500 or more elements were used. The time step was chosen automatically by the solver based on the convergence criterion. /s). This is an important parameter because it can be directly measured in an experiment. Current experimental techniques would not allow distinguishing between concentrations of CEs in various kinetic states displayed in Fig. 1 ; direct measurements are only feasible for the total CE concentration. Fig. 2a shows results for a small half-life (2 days). In this case the waves decrease in amplitude very fast, by = 64000 (1.65 weeks) the wave has almost completely vanished. One can see that the waves have a tendency to stay more distinct for the case of weak diffusion (NFs) and small half-life; apparently, in this case the waves decrease in amplitude too fast and spread out too slowly so that they do not have enough time to merge. For a larger half-life (20 days) displayed in Fig. 2b , the waves show some degree of merging, but they still do not quite form a single wave, only at the very end, when their amplitude decreased almost to zero (see the profile of the wave corresponding to = 320000 [8.25 weeks]). ForT 1 2 = 200 days (Fig. 2c ) the waves merge much earlier, by = 128000 [3.3 weeks] they have practically formed a single wave. It is even more so for T 1 2 = 2000 days (in practical terms, this case can be viewed as one corresponding to an infinitely long halflife). It is important to note that the waves decrease in amplitude even if the CEs have an infinite half-life, as it was nicely demonstrated in Jung and Brown [19] ; for a finite half-life of CEs the waves just decrease in amplitude faster and propagate slower. The effect of the CE half-life can thus be summarized as follows. A smaller half-life corresponds to smaller velocities of the waves, a smaller rate of their spreading, and a larger rate of the decrease of their amplitudes. The decrease in the wave's amplitude is thus related to two factors: spreading of the wave and the decay of CEs. For a small half life (as in the case displayed in Fig. 2a ) the waves do not spread out a lot, but their amplitudes still decrease very fast due to the decay of CEs. Fig. 2 , but it is computed for tubulin oligomers, which are characterized by a much larger diffusivity than NFs (the diffusivity of tubulin oligomers, D = 8 6 µm 2 /s, is about 20 times larger than the diffusivity of NFs [26] ). The waves spread out and merge a little faster than in Fig. 2 , the amplitude of the wave also decreases faster for larger diffusivity. As a result, the waves merge into a single wave a little earlier than in the case displayed in Fig. 2 . Again, it is important to emphasize that the waves in slow axonal transport decrease in amplitude even if diffusivity is equal to zero (as in the model developed in [19] ); physically, the decrease of the waves' amplitudes is a consequence of the "stop-and-go" hypothesis that results in wave spreading, a finite half-life of CEs and their non-zero diffusivity are just factors that enhance the rate of the amplitude decrease and spreading of the waves. waves decrease much faster, since CEs decay at a faster rate. is the largest and is the smallest. This is determined by values of kinetic constants that control the exchange rates between different CE populations (see Fig. 1 ). By comparing Figs. 4 and 5, one can see the similarity between corresponding waves representing the number densities of anterograde and retrograde CEs at a given time (although the amplitudes of these waves are different). This is because the ratios between number densities of various populations of CEs at a given time at a given location are controlled by the values of kinetic constants (see Fig. 1 ). 
Conclusions
The extension of the model developed in [19] is suggested. The extended model accounts for a finite CE half-life and for diffusivity of off-track CEs. Utilizing this model, the evolution of three waves of CE concentrations induced by simultaneous microinjections of radiolabeled CEs in three different locations 20 mm apart is investigated numerically. The amplitudes of the waves decrease and the waves spread out as they propagate down the axon. The decrease of the waves' amplitudes is a consequence of the "stop-and-go" hypothesis; however, a finite half-life of CEs and their non-zero diffusivity enhance the rate of the amplitude decrease and spreading of the waves. It is shown that the waves merge into one wave after some time. The waves merge faster if the diffusivity of CEs is larger and if they have a larger half-life. If the half-life of CEs is small, the waves may vanish before they had an opportunity to merge.
